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Abstract. The thermoelectric transport in the device composed of a central nanoscopic system in contact
with two electrodes and subject to the external magnetic field of Zeeman type has been studied. The device
can support pure spin current in the electrodes and may serve as a source of the temperature induced spin
currents with possible applications in spintronics. The system may also be used as an energy harvester.
We calculate its thermodynamic efficiency η and the power output P . The maximal efficiency of the device
reaches the Carnot value when the device works reversibly but with the vanishing power. The interactions
between carriers diminish the maximal efficiency of the device, which under the constant load drops well
below the Carnot limit but may exceed the Curzon-Ahlborn limit. While the effect of intradot Coulomb
repulsion on η depends on the parameters, the interdot/interlevel interaction strongly diminishes the device
efficiency.

1 Introduction

The desire to find materials and/or structures with a high
thermoelectric performance is the driving force of mate-
rial science and nanotechnology [1,2] and is vital for ef-
ficient energy harvesters or refrigerators. The use of the
low dimensional systems [3] is one of the ways to engineer
devices with high thermoelectric power S and large figure
of merit ZT = GS2T/κ, where G is the conductance, κ
the thermal conductance and T the temperature. Large
thermopower is essential to get high values of ZT as the
ratio κ/GT = L, at least for the Fermi liquid state, is
determined by the Lorentz number L0 = π2

3 (kB

e )2. Here
kB/e ≈ 82.6 μV/K is the natural unit of thermopower.
In the systems which do not obey Wiedemann-Franz law
the diminition of the thermal conductivity [4] κ and the
Lorentz number L is often crucial to achieve large ZT .

The importance of ZT follows from the formula

ηZT = ηC

√
ZT + 1 − 1√
ZT + 1 + 1

, (1)

relating the figure of merit ZT to the efficiency η of the
engine working as heat to electric power converter. In the
limit of large ZT the device eventually reaches the Carnot
efficiency ηC .

In the paper we use simple example of the quantum
dot device to calculate its figure of merit, efficiency and
the power output at non-equilibrium conditions and find
out that the highest power output often corresponds to
efficiencies much lower than expected from the above for-
mula. It means that ZT , being an important dimensionless
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parameter characterizing bulk thermoelectrics [1–3], may
not be equally useful in the studies of nanostructures. For
example, the figure of merit of the non-interacting quan-
tum dot is infinite [5] but its efficiency, as we shall see
later, reaches Carnot limit ηC only under the open circuit
condition or when current and output power vanish.

Thermal gradients in conducting systems induce elec-
tric currents. In the appropriately engineered structures
they may be used to effectively generate pure spin or spin
polarized currents. The experimental demonstration of the
possibility [6] has sparked a renewed interest in thermo-
electric devices for applications in the emerging field of
spintronics [7–11]. In this field it is important not only
to obtain spin currents, but to have pure spin flow not
accompanied by the charge flow. Dubi and Di Ventra’s
proposal [12] to get pure spin current in a device consist-
ing of a quantum dot in an external B field has stimulated
a great deal of work in that direction [13,14]. The model
has been generalized to the system which could sustain
pure spin current without external magnetic field at the
expense of using magnetic molecule instead of quantum
dot [14].

More complicated systems and geometries were
proposed and shown to offer new possibilities. Such struc-
tures include inter alia planar systems [15–20] or sys-
tems containing single or double quantum dots. Theo-
retical studies of double quantum dots have been started
very early with the main interests being focused on the
Coulomb blockade effect [21–26], shot noise, tunnel mag-
netoresistance [27,28], etc. Later on, similar systems con-
sisting of a single or double quantum dot have been ex-
tensively studied with the aim to find configurations with
enhanced Seebeck coefficient Sc or thermoelectric figure of
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merit ZcT [13,29–34] or their spin counterparts i.e. spin
Seebeck coefficient Ss and spin thermoelectric figure of
merit ZsT [12,13,29,35–49].

It has been found inter alia that the thermoelectric
figure of merit may be increased by Coulomb [50] and
interference effects as well as direct hopping between
the dots [51–55]. Impressive numerous experiments on
the double quantum dots have to be noted [56–59] in-
cluding those reporting the observation of the Kondo
effect [60–62]. The early experimental and theoretical
achievements have been summarized by van der Wiel and
collaborators [63].

In this work we consider the system slightly different
from those analyzed before. Our model describes nanos-
tructure which may consist of two quantum dots coupled
electrostatically to each other or a single dot with two lev-
els. It is important to underline that if the central system
is composed of two single level quantum dots it has a new
degree of freedom which is related to independent tuning
of the resonant levels. The freedom may be utilized e.g. for
the efficient generation of the pure spin current. Moreover,
the direction of the spin current is controlled electrically
by appropriate gate voltage.

We study thermally induced charge, spin and heat flow
in the sequential tunneling limit. In this limit the mas-
ter equation approach to calculate the currents is ade-
quate [64]. As already announced, we also calculate the
performance of the system as an energy harvesting de-
vice. Our aim is to check if the nano-device with high
value of ZT performs really so well as expected from for-
mula (1). According to the recent advances in the field
one is mainly interested in the efficiency of the device at
the finite power [65]. However, to gain additional insights
into the performance of the system and its dependence on
parameters we shall calculate both the efficiency and the
power output for varying positions of the dot’s resonant
energies and load voltages.

The rest of the paper is organized as follows. In Sec-
tion 2 we define the Hamiltonian of the model and briefly
describe our approach to calculate charge, spin and heat
currents. The linear response kinetic coefficients are de-
fined in Section 3 and presented together with the ther-
moelectric figures of merit as a function of gate voltages.
This allows identification of the regions with huge values
of ZT and large value of ηZT for subsequent comparision
with η calculated outside the linear regime. The definition
of the efficiency of our device as a heat to electric power
converter is introduced in Section 4 where the calculated
efficiencies are also presented and discussed. The paper is
concluded by a summary.

2 The model and approach

The system with interacting quantum dot(s) tunnel cou-
pled to two external electrodes is described by the
Hamiltonian

H = Hel + HD + HT , (2)

where

Hel =
∑

k,ν=L,R

∑

σ=↑,↓
(ενkσ − μν)c†νkσcνkσ (3)

is the energy operator for the external electrodes (left – L
and right – R). The spin dependence of the quasiparticle
energies ενkσ applies to the ferromagnetic electrodes.

HD =
∑

i=1,2

∑

σ=↑,↓
εdiσd†iσdiσ + U1n1↑n1↓ + U2n2↑n2↓

+
∑

σ,σ′
U12n1σn2σ′, (4)

describes electrons on the quantum dot(s), and

HT =
∑

i=1,2

∑

k,ν=L,R

∑

σ=↑,↓
(γiνkσc†νkσdiσ + H.c.) (5)

is the tunneling Hamiltonian with, in general, spin depen-
dent tunneling amplitudes. The operators d†iσ (diσ) cre-
ate (annihilate) electrons of spin σ on the dot i, while
c†νkσ(cνkσ) create (annihilate) spin σ electrons in the state
k of the electrode ν. niσ = d†iσdiσ is the number operator
counting electrons on the ith dot in a two dot geometry or
ith level of the two level dot. The σ dependence of the on-
dot energy εidσ is due to the external magnetic field acting
on the spins only, i.e. we neglect any orbital effect of B
field on the leads; εdiσ = εdi + gσμBB, g↑ = 1, g↓ = −1.
The effective couplings between the ith dot (level) and
νth electrode Γ σ

i,ν =
∑

k |γiνkσ|2δ(ε − ενkσ) is energy in-
dependent in the wide band limit. The couplings in general
depend on the spin of the tunneling electrons. This reflects
the combined effect of spin dependent density of states in
the ferromagnetic electrodes and possible spin dependence
of the tunneling matrix elements γiνkσ.

Denoting the probability to find quantum dot in a state
|n〉 by Pn, the charge current between the νth electrode
and a quantum dot is given by [66]

Iν
c = −e

∑

nm

(
W ν(in)

nm − W ν(out)
nm

)
Pm, (6)

where the transition rates are calculated by means of the
Fermi golden rule and the tunnelling Hamiltonian (5) we
obtain

W ν(out)
mn =

2π

�

∑

νk,kσ

ρνk
|〈m|ckσHν

T |n〉|2δ(ενkσ − Em + En)

(7)
for the tunnelling of an electron from the dot onto the νth
lead which changes the initial state of the dot from n to
m. Similar expression is obtained for a tunnelling of an
electron from νth lead onto the central region

W ν(in)
mn =

2π

�

∑

νk,k,σ

ρνk
|〈m|c+

kσHν
T |n〉|δ(ενkσ + Em − En).

(8)
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ρνk
denotes the elements of the density matrix of the lead

and we explicitly indicated initial and final states of the
dot only.

In the regime of sequential tunneling, the probabilities
Pn are calculated from the master equation [66]

dPn

dt
= −

∑

m �=n

WmnPn +
∑

m �=n

WnmPm, (9)

where the symbols Wnm (Wmn) denote the total transition
rates from initial state m(n) to final state n(m). They are
sums of the (in) and (out) rates for all leads. For calculat-
ing the currents we need the probabilities in the stationary
limit dPn

dt = 0.
The total transition rates Wmn are sums of rates for a

given direction of spin σ and for each level (or dot) i and
electrode ν: W ν

mn,iσ . They allow us to calculate the spin
dependent currents flowing in each of the electrodes via a
particular level (or dot) Iν

iσ :

Iν
iσ =

∑

mn

σW ν
mn,iσPm. (10)

In the most general case of two quantum dots there are
16 different states n of the central region and the same
number of probabilities Pn. Master equation for them be-
comes 16×16 matrix equation which in the general case
we solve numerically.

3 Linear response

The main aim of this section is to calculate linear trans-
port coefficients of the device at hand and define the
regimes in which the expected value of ZT is large. This
will be used in the next section to compare efficiency ηZT

expected from equation (1) and the actual efficiency of the
device operating as the energy harvester.

Having obtained various contributions to the currents
Iν
iσ we define the spin dependent current through the sys-

tem Iσ and total charge Ic and spin Is currents

Ic = I↑ + I↓, (11)
Is = I↑ − I↓. (12)

In a similar way one calculates and defines heat current IQ

flowing in the system. Again denoting heat current carried
by spin σ electrons as IQ,σ one defines total heat flow as
the sum IQ = IQ,↑ +IQ,↓. In the linear response the above
fluxes may be written in terms of thermodynamic forces
eΔV = Δμ = μL − μR, Δμσ = μLσ − μRσ and ΔT/T
(with ΔT = TL − TR) and kinetic coefficients [13] Lσ

ij

Iσ =
e

h

(
Lσ

11Δμσ + Lσ
12

ΔT

T

)
(13)

IQ,σ =
1
h

(
Lσ

21Δμσ + Lσ
22

ΔT

T

)
. (14)

The above equations are valid for systems with long spin
relaxation rates in electrodes. Under non-equilibrium con-
ditions the distribution of electrons in the leads is assumed

to be given by the Fermi-Dirac function but in the system
with long spin relaxation time the spin dependent chem-
ical potentials μασ and the temperatures Tασ have to be
assumed. In this work, however, we neglect the last possi-
bility and assume spin independent temperatures. Under
this condition one may define [13] the spin voltage (or spin
bias) eΔVs = (Δμ↑ − Δμ↓)/2 and the (charge) voltage
eΔV = (Δμ↑ + Δμ↓)/2.

In systems with short spin relaxation times the spin
voltage Vs vanishes and one writes standard equations [67]

Ic =
e

h

(
L11Δμ + L12

ΔT

T

)
(15)

IQ =
1
h

(
L21Δμ + L22

ΔT

T

)
. (16)

Charge Gc and spin Gs conductances are expressed in
terms of Lσ

11 as Gc = L↑
11 + L↓

11 and Gs = L↑
11 − L↓

11,
respectively, while the thermopower S is given by

S =
kB

e

L12

kBTL11
, (17)

with Lij =
∑

σ Lσ
ij . Thermal conductivity κ is defined as

a coefficient between the heat current IQ and temperature
difference under the condition of no charge flow (Ic = 0)

κ = −
(

IQ

ΔT

)

Ic = 0

, (18)

and in the linear response is given by

κ =
L22L11 − L12L21

TL11
. (19)

The Peltier coefficient Π is directly related to the Seebeck
coefficient S. In bulk systems the Peltier effect manisfests
itself as heating or cooling at the biased junction between
two different conductors. In a nanostructure another in-
terpretation of the Peltier coefficient Π is more insightfull.
It represents the amount of heat carried over the junction
per unit charge and is defined as the ratio between heat
and charge fluxes in the system with voltage but not tem-
perature bias (V �= 0 but δT = 0)

Π =
(

IQ

I

)

δT =0

=
L21

L11
= ST. (20)

Efficient energy conversion devices are based on the
Peltier effect for cooling and the Seebeck effect for power
generation [68].

To find the currents and kinetic coefficients we first
calculate all the rates Wmn and the transition probabili-
ties Pn with an obvious normalization

∑
n Pn = 1. Then

the currents are given by the formulas (6) and (10). For
simplicity we put the chemical potentials of the leads to
their common value (μL = μR = 0), which is our zero
of energy. We shall measure temperature T and magnetic
field B in energy units and energies in the units of ΓL = Γ .
This means we assume kB = 1 and μB = 1.
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Fig. 1. The dependence of the charge and spin (curves with
symbols) conductivity on the gate voltage for two level non-
interacting (U1 = U2 = U12 = 0), symmetrically coupled
(ΓR = ΓL) quantum dot with the level splitting δε = 100ΓL in
an external magnetic field of varying strength (upper panel) at
T = 10ΓL and for B = 25ΓL and three different temperatures
(lower panel).

The results for charge and spin conductivity have been
shown in Figure 1. Upper panel of this figure illustrates
the dependence of conductivities on the gate voltage. The
model we use is the two level dot with the distance be-
tween levels δε = 100Γ . Three sets of curves in the left
panel show conductances for temperature T = 10Γ and
three different values of the magnetic field. For very small
magnetic fields B = 5Γ one observes two broadened peaks
in charge conductance centered around the values of gate
voltage corresponding to two levels of the quantum dot.
Spin splitting is not resolved for the magnetic field and
temperature values. Higher magnetic fields (B = 25Γ )
split each of the levels and the G(ε) gets more compli-
cated with four peaks. For B = 50Γ spin down peak of
the upper level coincides with spin up one of the lower
level giving three peak structure.

The corresponding behavior of the spin current is also
easy to understand, as in the magnetic field spin down
electrons have energies slightly lower than those with spin
up. It means that for bias voltage lower than that corre-

sponding to the resonant one, a single direction of the spin
dominates, while above that value opposite spin electrons
mainly contribute to the current. As a result spin current
changes sign each time resonant level crosses the Fermi
energy. The competition between spin up and spin down
electrons for B = 50Γ is most severe close to particle-hole
symmetry point and it results in the relatively low spin
current and conductance.

The influence of temperature on charge and spin con-
ductances of the same system is shown in the lower panel
of Figure 1 for moderate value of the magnetic field
B = 25Γ . Interestingly, while increase of the temperature
to T = 25Γ smears out any structure in the gate depen-
dence of charge conductance it affects mainly the ampli-
tude of the spin conductance. At high temperatures of
the order of spin-split level spacings the effect on the spin
conductance is stronger and only outer peaks of spin con-
ductance survive. Their amplitude, however, is strongly
diminished as illustrated by thin line with stars. Even at
these high temperatures the current is spin polarized and
the direction of polarization can be changed by the gate
voltage.

Another view of the presented results can be obtained
by different look at the resulting expressions for the cur-
rents. In close analogy to the Landauer description valid
for non-interacting systems the spin dependent charge cur-
rent across the system may be (for symmetric couplings)
approximately written as

Iσ
c =

∑

i

∫
dET eff

i,σ(E)[fL(E) − fR(E)], (21)

with T eff
i,σ(E) ∝ Γiσδ(E − εeff

i,σ) denoting the energy de-
pendent transmission across the system with Γiσ being an
appropriate coupling between the dot (level) and the elec-
trodes. The energies εeff

i,σ are eigenvalues of the effective dot
Hamiltonian and depend on εd1σ, εd2σ and the interaction
parameters U1, U2 and U12. The total signal is a sum of
all contributions, which may overlap. The difference of the
Fermi functions for small bias voltage μL − μR = eV and
small temperature bias ΔT = TL − TR can be expanded
to linear leading order. Then the conductance Gσ is writ-
ten as

Gσ(ε) ∝ e2

h

∑

i

Γiσ

(
−∂f(ε)

∂ε

)

ε=εeff
i,σ

1
kBT

. (22)

To understand the Seebeck coefficient S, which is a voltage
needed to stop the current flow induced by temperature
bias δT we quote the relation, known as Mott-Cutler (MC)
formula, which gives S in term of conductance [69] at the
Fermi energy G(εF )

SMC = −π2

3
kB

e
kBT

1
G(εF )

(
dG(ε)

dε

)

εF

. (23)

In the present case it leads to

S ∝ kB

e

∑
i,σ Γiσ

(
−∂f(ε)

∂ε

)

ε=εeff
i,σ

εeff
i,σ−μ

kBT

∑
i,σ Γiσ

(
−∂f(ε)

∂ε

)

ε=εeff
i,σ

. (24)
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Fig. 2. The gate voltage dependence of the charge thermoelec-
tric power (upper panel), thermal conductivity (middle panel)
and thermoelectric figure of merit ZT (lower panel) for two
quantum dots with equally tuned levels εd1 = εd2 = ε and
two level quantum dot with δε = εd1 − εd2 = 100ΓL, intralevel
interactions U = 100Γ , interlevel interaction U12 = 50Γ at
temperature T = 10ΓL and without magnetic field B = 0.

The above equations show that the effective width of the
conductance peak is given by the temperature T and the
thermopower S changes sign each time chemical poten-
tial μ crosses one of the eigenvalues εeff

i,σ.
Figure 2 shows the gate voltage dependence of the

thermoelectric power (upper panel), thermal conductiv-
ity (middle panel) and thermoelectric figure of merit ZT
(lower panel) for two models at temperature T = 10Γ .

One model is the double quantum dot with equally tuned
energy levels εd1 = εd2 = ε, while the other is two level
quantum dot with distance between levels δε = εd1−εd2 =
100Γ . We assume that both levels experience rigid shift
by the gate voltage. In some cases one could expect dif-
ferent (albeit linear) dependence of different levels on the
gate voltage [64]. Here we neglect such possibility. The
Seebeck coefficient has a characteristic sawtooth shape.
Thick continuous curve and the curve with stars refer to
double quantum dot with energy levels changing with the
gate voltage at the same speed. The curves illustrate the
effect of intradot Coulomb repulsion (U12 = 0 or 50Γ ).
The repulsion U12 modifies Seebeck coefficient as it intro-
duces additional effective levels εeff

i,σ at the dot as discussed
above. The other curves (that with dots and the dashed
one) show the effect of interlevel Coulomb repulsion U12

for two level dot with εd1 − εd2 = δε = 100Γ .
The observed changes of S and thermal conductance κ

reflect the appearance of new resonant levels εeff
i,σ in the

system with additional interaction. The lower panel of the
figure shows gate dependence of ZT for both models. It
is important to note that ZT takes on huge values well
beyond those known for bulk systems. ZT rises to even
higher values beyond the gate voltages shown in the figure.
However, as we shall see in the next section, this does
not necessarily mean that the thermoelectric heat engine
based on the dots will work with efficiency close to ηC .

4 Quantum dot as a thermoelectric
power generator

As discussed in the introduction the large figure of merit
ZT (c.f. Eq. (1)) is used as an indicator for good thermo-
electric performance of the material [3] or device. It means
that for very large ZT the efficiency ηZT approaches the
Carnot value. For simplicity we start the discussion with
the simple case of single level interacting quantum dot.
For this system the parameter ZT has been calculated
analytically [5] and found to be

ZT =
(

kBT

U

)2

e
εd

kB T

×

[
εd

kBT

(
1+2e

εd
kB T +e

2εd+U

kB T

)
+ U

kBT

(
1+e

εd
kB T

)]2

(
1 + e

εd
kBT

) (
1 + e

εd+U

kBT

) .

(25)

It diverges for non-interacting system (U = 0), mean-
ing that the efficiency of the non-interacting quantum dot
based engine is given by the Carnot value ηZT = ηC .

Here we shall calculate the actual efficiency η of the
thermolectric setup with non-interacting quantum dot be-
yond linear regime. Imagine the unbiased device consisting
of two leads and the quantum dot tunnel coupled to both
of them. If one of the leads (say R) is hot and another cold
the charge carriers move from the hot to the cold side of

http://www.epj.org
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Fig. 3. The ε dependence of the efficiency (dotted lines) and
the power (full lines) of the single level quantum dot device in
the region where it operates as the energy generator. The verti-
cal lines join efficiencies and powers calculated for the same pa-
rameters. Upper panel is for non-interacting QD (U = 0), while
the lower one shows the effect of interactions U for V = 1Γ .
Horizontal thin lines denoted ηC and ηCA show the theoreti-
cal estimates of the Carnot and Curzon-Ahlborn values of the
efficiencies.

the device carrying both charge and energy. Under the
open circuit condition the voltage builds in. The maximal
voltage depends on the temperature difference and other
parameters of the system. This voltage may be utilised to
power the external circuit. Knowing the voltage and the
temperature difference one calculates the charge and heat
currents. This is enough to calculate the power P delivered
and the heat flux Q̇ extracted from the hot electrode. One
defines the efficiency of the setup as the ratio η = P/Q̇
and calculates it for different values of the model param-
eters. The results for the noninteracting quantum dot are
shown in Figure 3 (upper panel).

Calculating the performance characteristics of the de-
vice with quantum dots [70] we concentrate on the op-
timal conditions. We assume TR − TL = ΔT > 0 and
μL − μR = eV . The efficiency may be written as

η = −Ẇ

Q̇
=

V |Ic|
IR
Q

. (26)

In the two terminal device the charge current is conserved
Ic = IL = −IR and the heat current from the hot termi-

nal IR
Q (under the external load) differs from that in the

left terminal IL
Q as a result of internal energy (E) conser-

vation. From thermodynamics we have

dE

dt
= Q̇ + Ẇ = IR

Q + IL
Q + IcV = 0. (27)

The system under study may work as an energy generator
or as refrigerator depending on the region in its parameter
space. Here we are interested in the energy harvesting. In
the process the energy is extracted from the hot lead and
transformed into electric power. The goal is to optimize
the device for a given working temperatures.

Let us note that by fixing the working parameters of
our device i.e. the couplings between the central region
and external leads, temperature differences and the volt-
age we calculate heat currents IR

Q , IL
Q and the charge cur-

rent Ic. The calculated currents fulfill, as they should,
equation (27). We make use of these fluxes in calcula-
tions of the efficiency of the device which is defined by
equation (26).

The most important from practical point of view is
the power delivered by the engine and its efficiency at
that power [65]. The analysis of the performance of a sim-
ple non-interacting quantum dot generator [71] has shown
the validity of the Curzon-Ahlborn prediction for the effi-
ciency at maximum power

ηCA = 1 −
√

T1/T2 = 1 −
√

1 − ηC , (28)

where ηC is the standard Carnot efficiency, while T1, T2 de-
note the working temperatures of the engine. Let note in
passing that the analysis of endoreversible engines has be-
come a hot topic nowadays. Many interesting results have
been obtained for different nano-devices [71–75]. Some of
the achievements have been reviewed recently [76].

In the upper panel of Figure 3 we present the effi-
ciency η (dotted lines) and the power P = V Ic (full lines)
as a function of ε for the system with single level non-
interacting quantum dot. The temperature of the hot lead
TR/Γ = 10.5, the temperature difference TR − TL = 1Γ .
The efficiency of the device as a function of the gate
voltage is shown for four values of the load voltages
V/Γ = 0.1, 0.5, 1.0, 2.0 (from right to left). The device
works as an energy harvester in the region of ε to the left
from vertical lines. The vertical lines join efficiencies and
powers calculated for the same set of parameters.

It easy to understand the result on physical grounds.
Note, that for non-interacting quantum dot symmetrically
coupled to external leads the charge and heat currents are
simply given by

Ic = −eΓ [fR(εd) − fL(εd)]

IR
Q = Γ (εd − μR) [fR(εd) − fL(εd)] . (29)

The current vanishes for
εd − μL

kBTL
=

εd − μR

kBTR
. (30)

This allows to write the efficiency as

η =
μL − μR

εd − μR
, (31)
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or, for the symmetric bias μL/R = μ∓eV/2, to obtain the
relation

εd = μ − eV

2
TR + TL

TR − TL
, (32)

which means that for a given bias load V and temperatures
of the electrodes the system may be tuned by gate voltage
(i.e. changing εd) to give maximal efficiency.

At the point when the condition (32) is fulfilled the
current vanishes and the efficiency (31) reduces to η =
(TR − TL)/TR, i.e. the Carnot value. Note that in the fig-
ures we have set the equilibrium value of the chemical po-
tential to μ = 0. Using the relation between the heat (Q)
and entropy (S) flows IR,L

S = IR,L
Q /TR,L it is easily shown

that the entropy flow is not balanced except at the point
when (30) is fulfilled. This proves the reversibility of the
operation and justifies the Carnot value of the efficiency.

The points of reversible operation are marked in Fig-
ure 3 by the vertical lines for each set of parameters and
denote the limiting (maximum) value of the gate voltage
(ε) for the device to operate as the energy generator. The
requirement is that IR

Q > 0, i.e. the heat is extracted from
the hot electrode.

At the point (32) the efficiency η reaches the Carnot
limit ηC = 1− TL

TR
= 1− 9.5/10.5 ≈ 0.0952 and the power

vanishes as it should for the reversibly operating engine.
For a given voltage load V, tuning the device left from the
vertical line decreases its efficiency from the ideal value.
At the same time the output power (full lines in the figure)
increases. It takes on maximal value for some gate volt-
age and decreases again as a result of decreasing charge
current in the system tuned far away from the resonant
condition. This detuning is a result of large negative bias ε
when the dot level moves well below the equilibrium value
of the chemical potential μ = 0.

The efficiency and maximum power output of the in-
teracting quantum dot change with the system parameters
in a more complicated way (see the lower panel of Fig. 3).
With increasing U from U = 0 the maximum efficiency de-
creases from the Carnot value, goes over minimum and in-
creases again towards the Carnot limit with increasing U .
At the limits of U → 0 and very large U → ∞ resonant
levels (εd + U) effectively disappear from the transport
window, thus opening the doors to the large values of the
efficiency close to ηC . For each set of parameters the gate
voltage ε is used to tune the system (whether interacting
or not) to maximal efficiency or maximal output power.
This general behavior is the same for all voltage loads.
The non-monotonic dependence of the maximal efficiency
on the intra-dot interaction has been previously estab-
lished and analyzed in great details by Muralidharan and
Grifoni [70] in a related study.

The maximum output power depends on the voltage
load, gate voltage and other parameters of the system.
In the figures the changes of P are relatively less visible
than that of efficiency. As a function of voltage bias ε the
behaviour is the following. The power starts from the zero
value goes over maximum and decreases again. Looking at
the maximum power output as a function of load voltage
V one observes (c.f. Fig. 3 – upper panel) its increase up

to the largest value and later decrease for V larger than
optimal one. For some set of parameters the output power
attains global maximum.

The general behaviour of both efficiency and the out-
put power as seen in the lower panel of Figure 3 may
be understood by noticing that in the case of interacting
quantum dot the transport goes via two energy levels εd

and εd+U . Similarily two levels contribute to transport in
the model with two level quantum dot. The total charge
and heat currents are sums of currents flowing via each of
the levels, i.e. Ic,Q = Ic,Q(ε1) + Ic,Q(ε2). The reversibility
condition is never fulfilled for ε1 �= ε2 (or U �= 0) and
the efficiency is less than Carnot value for all parameters.
However, due to the energy factors (εi − μL,R) in front
of heat currents (29) the heat from the hot lead changes
with gate voltage in a different way than the charge cur-
rent and this results in the observed dependence of the ef-
ficiency and the power. The heat extracted from the right
lead grows slower/faster than the charge current explain-
ing increase/decrease of the power and efficiency. Note
that for interacting system both P and η start from zero
go through the maximum and fall down again at large de-
tuning. The vanishing of η and P follow from the vanishing
of charge current not accompanied by the simultaneous
vanishing of heat current. For a very large interaction or
the distance between levels one asymptoticaly reaches the
single level limit.

Figure 4 (upper panel) shows the dependence of the
efficiency (dotted curves) and power (full lines) on the
gate voltage in a single level quantum dot for a few values
of the magnetic field B. Note the systematic decrease of
the maximum efficiency with B field (in units of Γ ) ac-
companied by the shift towards lower gate voltages. The
maximum value of the power changes only slightly with
B. This behaviour is easily understood as the main effect
of the magnetic field is the spin splitting of the level. The
system becomes effectively two level one and the previous
arguments apply.

The lower panel of the figure shows the same character-
istics for two dot system with equally tuned energy levels
εd1 = εd2 = ε for a few values of the interdot interac-
tion U12. The on-dot interactions are assumed to be equal
U1 = U2 = 40Γ . The maximum efficiency (but not the ef-
ficiency at maximum power) is above the Curzon-Ahlborn
limit ηCA (marked by the horizontal dashed line) for small
values of U12 and falls below it for larger U12. At constant
load voltage the maximum value of the output power only
weakly depends on the U12.

The dependence of maximum η on magnetic field as
well as on interdot interactions illustrate the general rule
that the presence of other energy levels in an energy win-
dow of a few kBT from a working level generally leads to
its diminishing as discussed above.

The comparison of ηZT found from equation (1) using
the calculated values of ZT with η calculated from def-
inition (26) for the same setup is shown in Figure 5 for
two different situations. Upper panel of that figure refers
to the single level interacting quantum dot with U = 10Γ .
Again it shows that the expected value of the efficiency
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Fig. 4. The dependence of the efficiency and the power on the
gate voltage. In the upper panel the voltage load V = 1Γ and
we show results for a few values of magnetic field B applied to
single level non-interacting quantum dot. Lower panel shows
the effect of the interdot interaction U12 on two dot system
with ε1 = ε2 = εd, U1 = U2 = 40Γ and the same load voltage.

is different from the actual one for most regions in the
parameter space. Moreover for the actual efficiency of the
device to be maximum the system has to be appropriately
tuned. The maximum efficiency expected on the basis of
equation (1) differs from that calculated for the device.
The devices with many levels contributing to the trans-
port are characterised by the complicated pattern of re-
gions when they may be used as energy harvesters as seen
in the lower panel of the figure. The mere knowledge of
ZT is not enough to decide when the device works as an
energy harvester and if it performs optimally. Different
load voltages V require slightly different tuning to have
maximum power. The tuning is easily done by electrical
means (gate voltage).

As mentioned earlier our model allows the study of
a setup with two independently tuned quantum dots. We
show the maps of η and P on the (ε1, ε2) plane in Figure 6.
For some parameters the efficiency attains values close to
the Carnot value. This corresponds to the cases of effec-
tive decouplings of two levels. In the white regions of the
parameter space the device operates as a heat pump.

Close inspection of two panels in Figure 6 shows that
the maximum of the power lies in slightly different places
in parameter space in comparison with efficiency. Also the
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Fig. 5. The dependence on the gate voltage of the expected
efficiency ηZT of the engine and the calculated efficiency η both
normalised to the Carnot value for T = (TL + TR)/2 = 10Γ ,
δT = 1Γ . Upper panel refers to the single level interacting
quantum dot with U = 10Γ . The lower panel is for two level
quantum dot with gate independent distance between the levels
δε = 100Γ , intralevel interaction U = 100Γ and interlevel
repulsion U12 = 50Γ (c.f. Fig. 2 for ZT of the same system).

power and efficiency of the two-dot two-terminal system
are largest when both levels lie on the same side of the
chemical potential (those were the system works as an
energy harvesting engine).

5 Summary and conclusions

We have analyzed thermoelectric performance of the
model which describes devices with the degenerate sin-
gle level or two level quantum dot or two electrostatically
coupled quantum dots. Two quantum dots can be tuned
independently of each other. This feature distinguishes the
system from the two level quantum dot. When the mag-
netic field is applied the system can be tuned to the state
with pure spin current. Spin current can be induced by
means of external voltage or temperature difference be-
tween the electrodes.

Transport coefficients including charge and spin con-
ductances and thermoelectric figure of merit [77] have
been calculated in the linear regime and the regions of
very large enhancement of ZT identified. We have also
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Fig. 6. The dependence of the efficiency η normalized to the
Carnot value (upper panel) and the power normalized to its
maximum value for a given voltage V = 1Γ (lower panel) on
the gate voltages ε1 and ε2 for two non-interacting quantum
dots. Temperature T = 10Γ and the temperature difference
between hot and cold leads ΔT = 1Γ .

calculated the output power and the efficiency of the de-
vice working as a converter of heat into electricity. The
study shows that large values of ZT do not necessarily
mean the usefulness of the device as an energy harvester.
In some parameter range it performs rather poorly, i.e. its
output power is very small and the efficiency well below
the Carnot limit even when ZT is very large [70].

The efficiency of the noninteracting system may at-
tain the Carnot value in the limit of the irreversible op-
eration. Under that condition the power of the device
vanishes in agreement with the general thermodynamic
laws. We show how the efficiency and the power output
change with the voltage load, the temperature difference
and other model parameters. In particular, the on-dot and
interdot/interlevel Coulomb interactions have strong and
generally detrimental effect on the efficiency of the device
under the constant load.

The maximum efficiency of the interacting system
may exceed the Curzon-Ahlborn value for some param-
eters. However, it usually corresponds to the power out-
put slightly smaller than the maximum one. Interestingly,
the on-dot Ui or interdot/interlevel U12 interactions have
rather small effect on the maximum value of the output
power despite strong effect on the efficiency. For some val-
ues of parameters the calculated efficiency at maximum

power slightly exceeds (not shown) the Curzon-Ahlborn
value. This remains in agreement with the previous study
of Esposito et al. [71].

This work has been partially supported by the National Science
Centre under the contract DEC-2011/01/B/ST3/04428.
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